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**Ex. 11. Fisd the position of C.G. of the area of the curye
x*/34-y¥/3=a%/8 lying in the positive quadrant.
(Agra 86 ; Gorakhpur 89 : Rohilkhond 86)
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Solution. OABO is the positive quadrant. Take two points
p (%, y) and Q (x+3dx, y4-8y) on the arc AB, From F and Q draw
PN and QM perpendiculars to x-axis,

Area PNMQ is the elementary area, Itg aréa==y 38x

and mass=dm=p,y ix,
where P is the mass per unit area. Also C, G. of this arca i (x, %¥)-

Also the curve is symmectrical about the line y=x )

Hence the required C.G. will also lie on y=x, i.e. if (%, ) be
the required C.G., then X=p,

fa
| ' X gy dx |
— x d
Also Y= I dmm: Jr:-'o , where y#3=-g%/% _ x2/3
| . py dx
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, . .
‘ﬂ Hencc the requlred C.G.is [a (Or’—16) ?f]
'Y

/ 187 6 Ans,
/\(o Ex 16 Find the position of the centroid of the area of the
cardioid r=a (1+cos §). (Agra 87; Purvanchal 89)
VU Solution. Since the curve is symmetrical about the initial
f\ line, so 3=0. Also for the B
thole cardioid 0 varies (2469, 6+66)
rom —mx to .
Take two neighbour- P(%,0)
‘ing points P (r, 0) and
Q (r+8r’ 0+80) - F}:Q.
on the curve. The ele- T

mentary area is the sector
POOQ. Its area=4r*38 and
x-coordinate of its C. G.

is OL=(2/3).r cos 6. |
’. X, the x-coordi-
nate of the C.G. of the car-

(Fig. 20)

.
— for — B e ——
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dioid is given by

{x de:_”' (2/3) s 6 4r* dfi j: (23 cos 4 df

5(=-‘- =
f dm r ey r > dj
r— ¥
{ 4
La‘(l+m6ﬁm9d‘7
=3 48 -~
r:a’(l-kmﬂ}’df)
v |7 o de=2 rﬂx) d, i fx)=f(—)
— L] ’
:,.,ZgL (1+cos g)? cos § d )
 J
31 (1 +cos 6 dp
(]
Numaatmofz’c:Zar(l-f-cmefmﬁdﬁ
¢
=:2a§:(2co¢19)’(2co¢;&—l)db
f2
iy j: (2 cos? 4y (2 cof? $—1) 2 dj, putting § =24
»2 "
=64a L w¢d¢~32a§ cos® 4 di
L]
7 ‘5 3 % 5 3 1 = _ 15

E R B I Mt i il S
And denominator of =13 j‘ (15 cos 67 do=12 rm: 35 &
'§ ]

=64a

[z
=12 L cos’ 4.244, putting 4=24
3 1 = o

2324%— § ——  — Tt A

5772
. From (i), 7= 17744 _3a

P " m—

Hence the required C.G. is given by 7=(5/6) g, 5=0. A%
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\ ;}; o | .Statlcs : 91344
HZ})S A Ex 5 Find_the centroid of the arc of the curve x=a cog? ;

gT ' drant.
~y=a sin® ¢ lylng in the first qua
" ‘Refer Fig. 17 Page 14.
\S?::“::gnto t}:zil thegC. G. of the arc AB, which extoqda from

A where t==0 to B where t=mu/2. ey
Also the curve {s symmetrical about the line y=x. ii t =l

4 The required C.G. will also lie on y==x Le. If (%, 7) be
the required C. G., then ¥=7. .

' d iM{dx \* (dy \?
Now we know that 3; =,,/[(37) “I‘(BT)]

= 4/[(—3a cos® ¢ sin #)*+-(3asin? ¢ cos )3,
*  xX=a cos®t, y=a sin® ¢ (given)
" =34 sia  cos £, on simplifyin . -
or ds=13a sin t cos t dt S .. (1)
Now consider an elementary arc PQ=6bs. It mass=P 3s,
where P is the mass per unit length of the arc and its C.G, is (¥, y)

- & IF(®, 9) be the required C.G. of the arc 4B, then

Pw/y )% : g . :
e ix d"’,:j‘_-o X pds ), acoes t.3a sin ¢ cos t.dt
f dm /3 — = (o - . .
~ ”Pds . 3asintcostdt
J - J0 oA

w/3 , 0 .

a E sintcosttdtr —a ' 24 dz

= L!l » = : —— o Where 0§ 1=z
r sin.f cos 1 4t —_ 5 z dz |

g | o4

ﬁ 9_(2’/5).1 a8 2a . |
@)t "5

From (i), the required C.G. is xX=(2/3) a=y., Aps:

.p- I g e - am
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42 ‘ Statics

§8, C.G. of a Solid of Revolution.

~ Let the solid be generated ‘ =4

. by the revolution of the curve ' |

| y=f(x) lying betwecen ordinates ¥ /

 x=a and x=>b about x-axis. ks / 8
Take two neighbouring points g

P (x,y)and Q (x+8x, y+&) on £~
the cur)ve. From P and Q draw AL
PN and QM perpendiculars to
x-axis. If this area PNMQ I8 y
revolved about x-exis, it would
. penerate a disc_whose volume J 1
‘ —xy®6x and the C. G. of the disc '

——
——— —

may be supposed to be N (x,0),- ' .
| since NM=0dx is very small. ’ cl~ w~NdxzM 1D X
If P be the mass per unit (Fig. 27)

Volﬁme, then the mass of this elementary disc=my* 0x P.
If (%, §) be the required C.G. then §=0 since the C.G. of
the solid lies on x-axis, which ig the axis of symmetry.

b
x pm YV dx I xy* dx

b
frr y* dx Iy’dx'
: a

| I"
|

i Andz= Ix df'nm= j:"' :
l where y=f (x) and p=constant.

(b) If the solid be generated by the revolution of the carve
x=f () lying between abscissae y=a fand y=0 aboat y-axis, then
the mass of the elementary disc formed as above is wx? 3y?, where
ois the mass per uait volume. Also y-axis being the axis of
symmetry, in this case Wwe have %=0, where (%, 7) is the C. G. of
the solid of revolution. : ' ¥ |

b b
2 2
Adgfl’dm‘jmy%xdy Lyx-dy ,
ndy [dm= ® = (v ’ *
I e x? dy Sx'dy

Y=g

st

. where x=f (};) and p==constant. -
4 Solved Exampleson § 8

1’ ¥4 *Ex, 1. Fiod the C,G. of a solid right circalar cope.

- 62:1(  (Avadh 88 ; Garhwal 89 ; Gorakhpur 89, Kanpur 91,
‘J\ : Ranchi 85 ; Rohlkhaad 91, 87)

. Solution, The solid right circular cone is generated by revo
lving the tight angled triangle OAB about 04, Let O be the origin
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and Od the x-axis. Then if'/. BOA=u, the cquation of OB is

y=X tan o

. ‘Take two neighbouring
poiuts P (x, y) and Q (x-3x,
¥+-8y) on the line - OB, Then
the mass of the elementary
disc gerneratsd by the revolu--
tion of the area PNMQ about

TR R AWV Wikl A WA

..

x-axis=#)? 3x P, where ° is
the mass per unit volume. Let

OA=Fh be the height of the
cone.

The C, G. of this cone.

C
lles on OA, the axis of revolution. (Fig. 28)
A If (%, ») be the required C.G. then =0 and
rh h '
x.Pry2dx I ' x x?tan® o, dx
‘ } dm J. pmyl dx I x? tan? a.dx -
X=0 £ Xeygy _

| A
' L"’dx WA 3h
= < = = —
I o BT

0

axii at a distance 24 from the vertex.
)1kl

rad\us a.

- Solation, The quadrant 4B of a circle
with O as centre and radius a, when revol-
ved about one of the bounding radii 04
generates the hemisphere. Take O as origin

| and OA as x-axis, then OB is y-axis.

.. The equation of the arc AB of the

| circle is x34-yt=al,

'Pand Q draw PN and QM perpendiculars

|to x-axis. If this area PNMQ is revolved

'about x-axis It would generate the elemen-
tary disc whose mass=3m=F =)* §X, where

lof this elementary disc may be taken as N

L o Ll

] Take two neighbouﬁng points P (x, y)
‘and Q (x-+5x, y+0y) on the circle, From

» Is mass per unit volume. Also the C, G/

% C.G. of a solid right circular cone of helght 4 lies on {ts

A“.

7, **Ex. 2. Find the C.G. of a solid usiform hemisphere of

(Delhi 85 ; Garkwal 85)

(Fig. 29)

S
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4 I : Statics

(x, 0) as NM=§x is very small.  Aldo for the hemlsphero x-axis s
the axis of symmetry .. P=0, where (%, ) is the required C.G.
of the hemisphere.

> n- ! 5 a
Ix dm I x Pmr y? dx J xy%dx
X ()

And i‘:- i — = ¥ ” = oa T
‘ Idm j' em? dx io 3® dx
( . x=0

| r x (a@*—=x?) dx

= %0 ., ¥ x4yi=a* or y'=a'—x!
; (a2—x?) dx - '
aixl xl a ' ﬂ‘ al
7 4]0 (_2'_4) ot 3 _3a
“Ta. X7 (3_£) a “2a% 3
a’x — a
0 3
) 2 C.G. of a hemisphere of radius a is a point on its axis at
A qg a(distance 3a/3 from the centre of the base of the hemlsphere.
1” *Ex. 3. Find the C. G. of the segment of a sphere of radius a

)09 cut off by a plane at a distance ¢ from the centre, (Gorakhpur 87)

T\© Solatlon, Take the centre of
' W~ the sphere as orlgin and the radius gy 8 p
\)\/\ perpendicular to the given plane as Q
§ the axis of x. Then as in last exam-
ple we have y=0and

a . . | e
jx dm j xp vy? dx Ny
X= o= '

' ‘dm' ‘a fr y? dx
, Xmo

&

;za? -3a'T -rc’ " x (a*—x?) dx

L = 5

~ahte I (a'—x?) dx

R ]

(Fig. 30) |

e

= e S X 4y=a? or pimatx?
E ar - LA
oyl [ x ) (@ _d) (22 _g)
o -3l 6-g-Ed)

~ ._r':) 2 _x_‘;'. a‘ c.
) x5 (-5 (we-5)

A 1 (@ —2a2) (@*— ) 3 (a—c)¥(a+¢)’
: ;Q — =i — —
@A‘f(w‘) } P3P+ ) TaToN@—206 1)  ~(2a+te)@—o)
* _ 3 (‘H“’)" ? 280-3a e+ s 207 o - date v
4 (za+c) = ‘QLQ‘“-'* A C‘QQL"LL.}
v @aav)iat— ¢ (220 §
e (2aa) (a-2atac”

S i v s 2T} . i
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wight -

__/.E_f. Pid= ¢ zoh | jo Wlorn c G G e Seg i cl.l

C. G. of Solid of Revolution : ,45

' 2
Hence the required C.G. is glven by x= 2—{—2‘%*:—;% , y=0. Ans.
*Note. Putting ¢=0, we can get the C.G. of a hemisphere.

v A fan TPl b N Y _F AL % Locennd Liwr bha wavonln.
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Fer M‘?/L.w, A=t ~
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